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1 Introduction

The aim of this paper is to analyze how growth and cycles - in a market
consisting of potentially innovative firms - are affected by the financial sector
in presence of capital market imperfections. Since it is well known that
the non-validity of the Modigliani-Miller theorem implies that the financial
situation of the firm affects its investment decisions, it is straightforward the
effect on investment in R&D too (Brown, 1997) that - since the earlier works
on new growth theory - is supposed to be a fundamental variable in order to
understand the ultimate causes of growth (Cameron, 1998).

In macroeconomic models with financial constraints (see, for instance,
Greenwald and Stiglitz, 1993; Bernanke, Gertler and Gilchrist, 1998; Kiy-
otaki and Moore, 1997) firms’ supply decisions depend upon the degree of
financial robustness/fragility, which is identified and measured in different
ways. In the theoretical framework put forward by Greenwald and Stiglitz
(GS hereafter), for example, financial fragility is due to the presence of
bankruptcy risk: the higher the firm’s financial fragility - i.e. the lower
its net worth - the higher the risk of bankruptcy and the lower employment
and output.

This theoretical setup, therefore, explicitly allows for bankruptcy. GS an-
alyze a market characterized by a constant level of technology and implicitly
assume that the number of firms is constant. The second assumption means
that in case of bankruptcy the defaulted firm which leaves the market is re-
placed by a newly born firm with the same features. In this case therefore,
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GS allow for a very peculiar entry-exit process: the turnover of firms, in fact,
is constrained by construction to yield a constant number of existing firms.
Of course, this one-to- one replacement assumption is unduly restrictive and
unrealistic. It is a well known empirical regularity, in fact, that the entry-
exit process continuously modifies the total number of agents operating in a
market, plays an important role in the evolution of the distribution of firms
and affects macroeconomic variables.

In this paper we abandon the one-to-one replacement assumption allowing
for an unconstrained turnover of firms and introduce investments in R&D
in the decision problem of the firm. In particular we exploit the presence
of bankruptcy risk in a theoretical framework d la Greenwald-Stiglitz (Delli
Gatti, Gallegati and Palestrini, 2000) to model an endogenous flow of exiting
firms. As to the flow of entrants, we assume that it is affected by current
profitability of the market and the technological difference between the most
innovative firm and the average technological level. This entry-exit pattern
of industrial dynamics will affect the evolution of the distribution of firms
according to the degree of financial robustness/fragility and technological
level which in turn will affect aggregate outcomes. In our opinion, in fact,
firms’ heterogeneity plays a crucial role in determining the macroeconomic
performance.

The evolution and persistence of heterogeneity over time and its role in
business fluctuation is the core issue of a model of production and capital ac-
cumulation with imperfect capital markets presented in Delli Gatti, Gallegati
and Palestrini (2000) (DGP hereafter). In this model , firms’ heterogeneity is
due to differences in the degree of financial robustness captured by the equity
ratio, i.e. the ratio of net worth or equity base to the capital stock. Firms
characterized by high (low) equity ratio, are financially robust (fragile).

The first though some form of imperfection of the market. In what follow
we reason along the line of Greenwald-Stiglitz (1993) that explain how the
presence of asymmetric information in the stock market can cause the non-
validity of the Modigliani-Miller theorem.

The specific contribution of the present paper consists in showing how —
introducing investments in R&D — the (complex) dynamics already present
in DGP are affected by the entry of new potentially innovative firms and
the endogenously generated process of firms’ exit through bankruptcy. In
this new framework, the structural characteristics of the economy (such as
the distribution of firms by the degree of technology) and the aggregate
variables (the capital stock, the equity base and aggregate output) can be
interpreted as the outcome of a dynamic process which involves persistent
financial heterogeneity and firms’ turnover (birth and death of industrial
units and changes in size and financial fragility of surviving units).
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The paper is organized as follows. In section 2 we present the building
blocks of the model. In section 3 we describe the entry-exit process imple-
mented, and in section 4 the results of the simulations are presented. Section
5 concludes.

2 The model

2.1 The essential dynamics of the model

Our aim in this section is to derive the dynamical equations that describe the
behavior of the firm. The key variables are: invested capital Kj;, the equity
base A;;, the debt L;; and the technology ¢;;. Due to the balance relationship
we can write:

Kt = Ly + Aj

To better understand we divide the dynamic in two moments. In the
first one (that we label the beginning of period t) the firm decide the level
of investment and expenses in R&D, in the second one (the end of period
t) the production is realized and sold according to the decision taken at the
beginning of the period so that the profit is realized.

The beginning of period ¢. At the beginning of a period the firm knows
the levels of the last period variables: Kj;_1, Ajt_1, Liz—1 and ¢;;_1. Now they
have to decide their investment level and the expense in research and devel-
opment. To describe briefly what is going on, we suppose for the moment
that we know the choice of the firm (I, and R&D};) and delay the detailed
explanations in the following subsections. Once these variables are known
we identify the new balance sheet variables with a star superscript.

I}, and R&D;, are financed by debt. So we have the following equation
for debt:

L}, =Ly + I, + (R&D);, (1)
Equity base is not changed after these decisions, so we have
A = Ay
Since the balance sheet relation must be verified again we have

Kj, = Lj, + A}, = Ky + I, + (R&D);, (2)



The end of period . Once the optimal level of investments and R&D
are determined we can compute the other relevant quantities: production
and consequently profit 7;. We want now to explain what we mean by
production. The output of our firm is represented basically by two products.
The first one is the traditional physical output (Yj:) and the second one
is the technological progress (pt;;). Substantially in our firms we have two
department: the factory where physical output is obtained and the research
center where technological progress is obtained as a product. Each of the two
department has its own production function that is an increasing function
of the resources devoted to it. The total resources available to the firm
are represented by total invested capital. Denoting with KY the resources
devoted to the production department and K¢ those devoted to the research
activities we have

K=K +K;?
from equation (2) we can say that
K;§¢ = (R&D);,
so it will be
Ky =Ky + I,
Finally the firm output is determined by the following production func-
tion:
Yie = ¢itK;;:Y
and
pti = pt(K;) (3)

The physical output has a very simple linear production function. We will
specify in section 2.3 the analytical expression for the technological progress.

The real profit or loss (7) are related to the variables determined at the
beginning of the period and to the relative price (u;) known at the end of
the period. As we will specify later u; is a idiosyncratic stochastic variable
(Greenbwald and Stiglitz, 1993).

_ *Y *¢ *
Tt = 7T(uitaKz't , Ky 7Lit)

We are now ready to close the dynamics of the model determining the
period t variables. Technology an equity base have a straight derivation:

Git = Pir—1 + Plis_1 (4)



Ay = A1 + Ty (5)
Production activity depreciate capital. We denote by ¢ the depreciation rate.
Kir = K}, — 6,K — oy K}¥

Expenses in research and development are not represented by durable goods
so we pose 05 = 1. Instead we treat physical capital in a standard way
(0 < dy < 1). Finally the firm increases the level of its capital for two
reasons. First, it devotes a share € of the economic return to improve capital.
Second, the firm doesn’t let the capital depreciate so it makes a further
capital improving amounting to dy K3¥. So at the end of the period we have
a second wave of investment:

Ly = 6y K;Y +er
The expression for capital at the end of the period is thus
K=K}, — K = 6y K3 + Iy
and after substitution
Kin = K} + emy (6)
finally, the debt level will be
Ly = Ky — Ay (7)

So far we describe the dynamic framework of the model deferring the
determination of the investment level and of the R&D and the related tech-
nological progress pt. Next subsections are devoted respectively to the de-
termination of Investment level and the technological progress.

2.2 The determination of investments

Real profit, 7, for the firm is the difference between real revenue' (u;Y;)
and real cost . The latter are given by three components: the burden of debt

ri+Lit, the depreciation cost for capital and the adjustment cost for capital®
v (K} —Ki—1)?
2 Kit—1

!Nominal revenues are P;Yj;. Py is the price at wich the firm sell its output, it’s
assumed to be a random variable with mean equal to the general level of price P;. Dividing
by P; we obtain the real revenue u;Y;: with uy = Py /P;.

2all the variables are in real term.



(K, — Kix1)®

it = WitYqe — TitLis — (5YK?; + sz;) - K (8)
it—1

Do |2

Expected real profits therefore is:

Y oy _ Y (Ki —
E(mi) = Y — rieLie — (O Ky + Kjf) — (9)
2 Ky
Using equation (1) and remembering that
I = Kj; — Kir (10)

we can write

% — Ki1)®

K
E(mis) = Yit — it (Lig—y + KY — Kyt — R&Dy) — (Sy KY + K?) — g( o
(11)

In their decision, firms account for the bankruptcy cost. Several papers
in the literature point out the existence and relevance for economic activity
of this kind of costs. So, to arrive to the objective function we have to add
to expected real profit the bankruptcy cost. They are given by

Fyy = CBuPr(u < @)
with
CByy = ¢uKj;cb = ¢ Ky (a1 — anay)
bankruptcy condition is
cfie + A1 <0

where cf;; differs from the profit because the depreciation in not considered.
From this inequality we can write
v (K — Kie-1)?

[ (TK;: — TAz't_l + (1 — T)R&Dit + 5 Kz't—l )

As we mentioned above, u;; is a random variable. We suppose for simplicity
that it is uniformly distributed between 0 and 2 so we have

KY — K 1)?
(TK?;_TAit—1+(1—T)R&DZ~t+Z( it t—1) )

Pr(u; < 1)

< -
= 20u K} 2 K1
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The bankruptcy cost is

cb v (K} — Kig—1)®
F’it = 5 ( K:t/ — TAit—l + (1 — T)R&Dit + 5 t Ky,
So each firm maximizes
E(my) — F; (12)
Maximizing (12) with respect to K}, one has:
Ky — Ky 1
Sit T (=i — 6 13
Kit1 Yit (Pie = ie = d) (13)
where v;; = v(1 + ¢b/2) and ri; = 7(1 + ¢b/2).
Using equation (8) we can write
. K-
Iy = ,Yt = ($ie — it — Ov) (14)
it

Last equation is significant: To make investments the firms compare the
revenue and cost of the investment. Indeed ¢;; is the revenue for an additional
unit of capital and r;; + dy is the cost of the same unit of capital if the firm
borrow to buy it. It is convenient to make investments only if revenue is
grater than cost. In the opposite case the firm will realize a loss from the
investment so it doesn’t invest. So we use the following investment rule:

I;=0 if 7 + 0y > @i
I = Ries (it — (rig + 0y)) if g + Oy < b

Vit

(15)

Depreciation cost are given in our model to the obsolescence of capital
due to technological progress. So we suppose it is proportional to the capital
productivity:

Sy = (i — o)
where ¢ is a constant. The investment level is
Ky 1 ,-

= (¢0 - z't)
it
An observation is in order here: the variables

Vit = Y (1 e e ;‘2%‘1)

N (1 Lo C2VQait—1>

depend negatively on the equity ratio. So, the improving of a firm financial
position reduces both the interest rate and the adjustment cost for capital
making the investments of these firms higher.

* —_—
Iit -
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2.3 The determination of technological progress

Once we describe the dynamic of investment we have to model the technolog-
ical progress according to equation (4). First of all we know from equation 3
that pt;; is a function of R&D.

We let the level of R&D depend upon tree factors: the dimension of the
firm represented by its invested capital (K), its financial soundness (a) and
its propensity (5;;) to invest in R&D:

R&D;; = cKys_1(ai_1)* + Bit
with
Bt =e [max Gr_1 — ¢z‘t—1]

where c,d and e are constants. So R&D expenses increase with the size
of the firms, with its financial soundness and with its gap with the more
efficient firm.

We suppose that an innovation increases the technological variable by a
fixed amount A¢. Research ad Development has an uncertain result. In other
words, R& D expenses can produce an innovation with a certain probability or
may not. In this way the appearance of an innovation is a random variable
w which takes two values: 1 if the innovation appear and 0 if not. We
suppose that the probability to have an innovation depends on R& D expenses
according to an exponential distribution function:

Pr(wyg =1) =1 — exp(—gR&Dy)
where g is a constant. Making substitution we can write:
Pr(wyg =1) =1 — exp [AKj_1(ai_1)* + (max ¢s_1 — ¢jz_1)]

where h = cg
In the end we can write equation (3) as

pliy = witAg
and equation (4) as

Git41 = Gir + Wi AP



2.4 The complete dynamic

We are mainly interested in the dynamic of the aggregate output. Our model
is thus composed by the following equations:

Yier1 = b1 Ky
Pit+1 = Pit + Plit
Kzﬁl = Kt + I;:+1
L:t—l—l = Lit41 + It—l—l + R&th+1
A:t+1 - Ait
Ly = f(Ka)
R&D}y ) = c(Kit)' ™9 (Ain)? + e [max ¢ — ¢
Aip = Ajp 1 + iy
Ki= K\ + emy
Ky =Ky 1+,
Liy = Ky — Ay

v (K = Kis)?
2 Ky
Substitution leave us with the following system

it = Uit Yie — Titht - (5YK;:Y + K;:¢) -

Yier1 = i1 Ky

Pit+1 = Qi + Pliy
K =K +emy + f(K, em)
I
A:t+1 = Ayt

v (K — Kie1)®
2 Ky
So, knowing all the variables in £ and £ — 1 we determine the profit of period ¢

and consequently all the values of period £+ 1. Unfortunately these equation
are too complicate to proceed analytically, so we use simulations.

Tt = Ui K3y — 1Ll — (Sy K3 + K;:¢) -

9
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Pit]



3 The entry process

Our model differs from traditional ones because it take into account seri-
ously the fluxes of firms out and into the market. A recent OECD report
emphasizes how the turnover of firm assume relevant volume and it should
be considered to better understand real phenomena (see also Caves, 1998).

From what has been written above we can say that a firm exits the market
when it goes bankrupt. In other words firms exit the market when their
equity base becomes negative because of adverse shocks.

We model the entry flow in a stochastic way that takes into account
economic consideration. Indeed, the entry decision depends on the possibility
to survive of the firms. So they are more inclined to enter the market when
the profitability of the market is high. We use as a proxy of the profitability
two indicators: the first one is the difference between the maximum and the
mean technology (max ¢ — ¢). This is because a situation where firms have
all the same technology is similar to a perfect competitive market where no
profit is realized. The possibility to have a technology higher than the mean
open the possibility to realize profit. The second one is the difference between
the mean return on investment (7;/Kj;;) and the interest rate . We collect
these two term in the variable A}

So a high level of this variable signals a high convenience to enter the market.

As we say above, our entry mechanism is stochastic: we suppose that the
probability the firms enter the market is positively related to A}. In particular
we assume that the number of new entry N has a Poisson distribution with
arrival rate proportional to A

NETL
— )\t e—)\t
Nenl

P’I"(Nen; )\t)

where A; = [} and [ is a constant.

4 Simulations

As we mentioned above, we proceed with simulations using the SWARM sim-
ulation tool. Here we report some graphics that describe the characteristics
of our model. First of all it is evident how the model display fluctuating
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growth. The upward trend of the aggregate output is lead by the increase
in the productivity of capital while fluctuations are mainly driven by the
fluctuations in the number of firms (i.e. by the entry and exit process).
Technological progress seems to proceed by jumps. Period of stasis of
different length are interrupted by period of innovations. When a technolog-
ical gap is present firms devote more resources to R& D activities. This give
to each firm a higher probability to innovate so innovations concentrate in a
short interval of time. The process seems to be dissipative i.e. the innovation
following the first main innovation are more and more weak and the process
goes in a new period of stasis. Probably it is because R&D increase the fi-
nancial fragility of the economy. Firms are forced to adequate to the increase
in the technology because the use of inefficient technologies lowers the profit
and make it difficult to survive. In a sense this process seems to be similar
to the Darwinian theory of evolution: an improve in the technology force the
firms to mutate to survive. The market makes the selection excluding the
most weak (leveraged) of them. So a technological innovation is the base for
the growth of aggregate output, but to obtain really this advantage it is nec-
essary that new and more technologically advanced firms replace the older
and less technologically advanced that seems to have problem to adequate.
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5 Conclusions

In this paper we analyze the problem of economic growth and fluctuations
from a different point of view respect to the traditional approach.

Modelling the economic system using a population of interacting het-
erogeneous agents opens a new possibility which combines the traditional
approaches. Small idiosyncratic shocks continuously hit the economy, but it
is the propagation mechanism which modifies in time. Consequently, a shock
can have irrelevant effects if the state of the beaten agent and links with
the others are such that they prevent, or at least dampen, its propagation.
In other circumstances the system may be in a state of “fragility” and the
same shock can be amplified involving a great number of agents. Further-
more, since both cycles and growth are affected by the financial position of
firms, the resulting complex dynamics shows an high degree of interrelation
between the two time series components.

Our benchmark model (Greenwald and Stiglitz , 1993) is particularly
suitable to our goal because it presents some of the characteristics we need:
The presence of idiosyncratic price shocks maintains some heterogeneity of
the firms’ financial position. We enlarge the basic model in two ways. First

we consider the entry and exit of firms. Secondly, we model the investment
in R&D.
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